Abstract: A hybrid adaptive tracking controller for rigid-link flexible-joint (RLFJ) robot manipulators is designed. The controller is hybrid in the sense that an adaptive indirect controller is used to compensate for parametric uncertainties in the rigid-link equation whereas an adaptive robust controller corrects for the dynamics (i.e. mechanical flexibilities) and parametric uncertainty associated with the actuators. That is, in spite of these detrimental uncertainties and effects, we are still able to ensure a global asymptotic stability (GAS) result for the link position tracking error.
Introduction
Over the last decade there has been much interest in the adaptive control of robot manipulators. An excellent review paper on the subject is given in Reference 1. The basic strategy with regard to the adaptive control of robot manipulators has been to use a controller that adjusts for an unknown set of parameters online while maintaining 'good' link tracking error performance in spite of this parametric uncertainty. The typical stability result for the adaptive controllers has been a GAS result for the link tracking error. It should be noted that almost all of the above stability results generated for rigid link robot manipulators assume that the flexibilities of the joint can be neglected. Early work regarding the compensation for joint flexibilities can be found in References 17-21. Recently in Reference 2, Readman illustrated that for RLFJ robots there exists a decentralised velocity control law which asymptotically stabilises the joint flexibility dynamics if the actuator inertia matrix is suficently small. In Reference 3, Mrad designed an indirect adaptive controller for RLFJ robots; however, this controller is a hybrid adaptive/variable-structure control law. Because the control law contains variable structure-like terms, the control input will unfortunately exhibit the chattering phenomenon. The most comprehensive study of adaptive control of RLFJ robots is given in References 4 and 15. In Reference, Ghorbel and Spong illustrate that by modifying the adaptation law and assuming the link desired trajectory approaches zero as time approaches infinity then we can achieve asymptotic link tracking. In Reference 15, Benallegue and MSirdi designed a GAS indirect adaptive controller based on the passivity approach; however, this approach requires measurements of the link acceleration and link jerk. In Reference 16, Chen and Fu used a similar approach as the one given in this paper; however, the stability result is local, and the controller requires measurement of joint acceleration.
In this paper, we design a hybrid adaptive tracking controller for RLFJ robot manipulators. The terminology hybrid is used to emphasise that we use an indirect adaptive controller that compensates for parametric uncertainties in the rigid-link robot equation and an adaptive robust controller compensates for the uncertainties associated with the actuator dynamics (i.e. mechanical flexibilities) and parametric uncertainty associated with the actuators. That is, in spite of these detrimental uncertainties and effects, we are still able to ensure that the robot links follow a desired trajectory in the GAS sense. In other words, we achieve a GAS result for the link position tracking error. This stability result only requires that the desired link trajectory and up to the fouth derivative be bounded. We also assume that the link position, link velocity, actuator position, and actuator velocity are all measurable signals. It should be noted that this controller does not depend on the assumption that the joint flexibility should be 'suffciently' rigid. That is, we specifically show how the controller gains should be adjusted with regard to the joint flexibility constants.
Manipulator dynamic equation and
In this Section, we give the dynamic equations associated with RLFJ robots along with some physical properties that are inherent to robot manipulators. The model [5] for the rigid link part of the RLFJ robot is taken to be
mathematical preliminaries where M(q) is an n x n inertia matrix, V,(q, q) is an n x n matrix containing the centripetal and Coriolis terms, G(q) is an n x 1 vector containing the gravity terms, F(q) is an n x 1 vector containing the friction terms, q,(t) is an n x 1 vector used to represent the actuator displacement This work is supported in part by the US. National Science Foundation Grants MSS-9110034 and IRI-9111258.
for the RLFJ robot, q(t) is an n x 1 vector representing the link displacement, K is a positive definite, diagonal, constant, flexibility matrix, and z(t) is an n x 1 vector used to represent the difference between q,(t) and q(t). From Reference 5, the associated mechanical dynamics of the actuator is taken to be
where J is an n x n constant, diagonal, positive definite matrix used to represent the actuator inertia, B is an n x n constant diagonal matrix used to represent the actuator damping, and udt) is an n x 1 vector used to denote the torque control input. As stated in the introduction, the main idea of this paper is to obtain good link tracking performance in spite of any parametric uncertainty regarding the dynamics given by eqns. 1 and 3. It is important to emphasise that bounds are assumed to exist for each of the 'uncertain' parametric quantities. For example, the joint flexibility matrix is assumed to be bounded as
where k,, k, are postive scalar bounding constants, and x is an n x 1 vector. Because the components of K are typically large, we can use eqn. 4 to normalise eqn. I. That is, we can divide eqn. 1 by k, to yield 
L, = k,/k, and L2 = 1
(7)
where In the stability analysis of the robot controller discussed in this paper, the following manipulator properties will be used. For a more detailed explanation of these properties as related to rigid link manipulators, the reader is referred to Reference 6.
Positive definiteness
The inertia matrix M(q) defined in eqn. 5 is symmetric, positive definite and is uniformly bounded as a function of q, i.e. for any n x 1 vector x, we have
where m, and m2 are positive scalar constants that depend on the mass properties of the specific robot (i.e.
revolute robot), and (1.
( 1 is used to denote the Euclidean norm [7] . It should also be noted that because J defined in eqn. 3 is an n x n matrix that is constant, diagonal, and positive definite, we can state that for any n x 1 vector x (9) where j, is a positive scalar constant that depends on the mass properties of the specific actuator.
Skew symmetric
A useful relationship exists between the time derivative of the inertia matrix M(q) and the Coriolis/centrifugal matrix Vm(q, 4). Specifically, a certain quadratic form is equal to zero. That is, we can write (10) x T ( i f ( q ) -2Vrn(q, 4))x = 0 for all n x 1 vectors x.
Parameter separation
The left-hand side of eqn. 5 can be rewritten as W(q, 4, ii)4 = MMii + U q , 4 4 + a d + F(4) ( 1 1) where W is an n x r matrix of known robot functions, and 4 is an r x 1 vector of unknown constant parameters.
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In this paper, our control objective is to obtain good link tracking in spite of parametric uncertainty and joint flexibilities. Therefore, we will define the link tracking error to be Indirect rigid link adaptive controller
where qd is an n x 1 vector used to represent the desired link trajectory. We will assume that qd and its first, second, third, and fourth derivatives are all bounded as functions of time.
We now formulate the error system that will be used in the stability analysis. It should be noted that this step is not a trivial matter because the stability analysis is directly related to the contruction of the error system. First, we define the filtered tracking error [8] rL = aeL + 6, (13) where a is a scalar positive constant. Using property 2.3, we can rewrite eqn. 5 in terms of eqn. 13 in the following fashion Because there is no control input in eqn. 14, we will add and subtract a fictitious control input in the form Ru, on the right-hand side of eqn. 14 to yield
where uL is an n x 1 vector. The fictitious control input uL is given by
where k, is a positive scalar %onstant, 4 is an r x 1 parameter estimate vector, and K -' is an n x n estimate matrix denoted by
Note that the notation diag {kp; ' } is used_to denote a diagonal matrix 2-l composed of elements k; I. 
The inverse of the ith diagonal element of the 'normalised' joint flexibility matrix €? will be updated by where yLZi is used to denote the ith diagonal component of a positive definite diagonal n x n matrix rL2, rLi is use$ to denote the ith component of the n x 1 vector rL, (Y4)i is used tqdenote the ith component of the n x 1 vector Y4, and k;' is given by l;' = E ; , -
which in matrix form is given by
Now that we have defined the control law and the appropriate estimation schemes, we can form the filtered link tracking error system. Specifically, after substituting eqn. 17 into eqn. 16, we have fi(q)fL = -vm(q, 4)rL -k, t r ,
where q, = U, -z
Remark
If q1 in eqn. 25 was equal to zero then we could easily show that the adaptive update laws given in eqns. 20 and 22 would indeed compensate for the uncertainty in the dynamics given by eqn. 5. That is, we could show [SI that the tracking error is GAS in spite of the parametric uncertainty. Of course, we can not guarantee that q, will be equal to zero. However, if the actual control uF, in eqn. 3, could somehow be formulated to guarantee that q , would be 'small' then it might be possible to establish a stability result for the link tracking error. In the following Section, we formulate such a controller.
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Flexible joint compensation
We can think of the tracking error system given by eqn. eqn. 27 to yield tjl = w1 -U, + (U1 -i) (28) where
The n x 1 vector u1 is a fictitious adaptive robust controller [IO] designed to compensate for the perturbation q,. The fictitious controller U, will be given explicitly, but first we note that an examination of eqn. 28 reveals a second perturbation term (U, -i). This perturbation term is defined as q2 = u1 -z (30) If we proceed as previously outlined, eqn. 30 is differentiated to obtain i2 = U , -i' (32) where
The n x 1 vector uF is the actual adaptive robust controller applied at the actuator torque input level. The controller uF is designed to compensate for the perturbation v 2 ' Now that we have formulated the perturbation systems (i.e. eqns. 28 and 32), we explicitly define the adaptive robust controllers to be U, = k,q, + v , and uF = keq2 + U, (34) where k,, k, are positive scalar constants, and U,, u2 are n x 1 auxiliary controllers used to compensate for the parametric uncertainty and the actuator dynamics. These auxiliary controllers are defined as [lo] where cl, b2 are estimates for the scalar bounding functions p l , p2 defined as p1 3 IIwlII and p2 3 llw21/ (36) with w, and w 2 being defined in eqns. 29 and 33; and E,, e2 are scalars adjusted according to E, = -kel E , and k2 = -ke2E2
with k E l , ke2 being positive scalar constants. The adaptive robust controllers [IO] 'learn' the bounding functions (defined in eqn. 36) on-line as the manipulator moves. That is, in the control implementation, we do not require exact knowledge of the bounding functions; rather, we only require the existence of the bounding functions.
We will assume that the actual bounding functions p1 and p2 given in eqn. 36 can be parameterised as 
Remark
In the above discussion, we have assumed that the bounding functions given in eqn. 36 exist. It should be emphasised that the bounding functions depend only on measurements of q m , 4,, q and 4. For the sake of brevity, we will not find general expressions for p1 and p,; however, we will outline a procedure for finding these functions. By using eqn. 5, it can easily be established that all of the dynamics in eqns. 29 and 33 can be bounded by combinations of constants and functions of the measurable quantities q, q, qm and 4,. For example, we need to bound w 1 defined in eqn. 29. As w, = U,, it seems that the corresponding bounding function p1 defined in eqn. 36 would be a function of link acceleration. However, because we only need an upper bound on acceleration, we can use eqn. 5 to obtain this upper acceleration bound. Specifically, by rewriting eqn. 5 into the form
we can use the right-hand side of eqn. ,(q, q. q,,,) is a positive scalar function. As a result of eqn. 43, the bounding function p1 defined in eqn. 36 can be shown to be only dependent on q, 4 and qm. By using eqn. 43, the bounding function p 2 defined in eqn. 36 can also be found to be only dependent on q, q, qn and 4,.
Stability analysis
In this Section of the paper, we show how the adaptive robust controller given in Sections 3 and 4 results in a GAS property for the link position tracking error defined in eqn. 12. That is, using Lyapunov stability analysis, we illustrate how the link position tracking error tends to zero as time tends to infinity. We now state a theorem to illustrate this concept.
Theorem
The link tracking defined in eqn. 12 is GAS, that is In this paper, we have designed a hybrid robust tracking controller for RLFJ robot manipulators. The controller was shown to adapt for parametric uncertainties while compensating for the uncertainties associated with the actuator dynamics (i.e. mechanical flexibilities). In spite of these detrimental uncertainties and effects, we were still able to ensure that the robot link position follows a desired trajectory in the GAS sense. We also give specific sufficient conditions on the controller gains that guarantee that the link position tracking error is GAS. The implementation of the controller only requires measurement of the link position, link velocity, actuator position, and actuator velocity. Substituting for ij and j j from eqns. 37 and 40, respectively, into eqn. 65 yields Using eqns. 36 and 38, we can obtain a upper bound for V2 given in eqn. 66 as Substituting eqns. 35, 38 and 41 into eqn. 67 yields Obtaining a common denominator for the first two terms in eqn. 68 yields It is now obvious from eqn. 69 that V2 < 0, and hence VI + V2 < 0.
